INTRODUCTION
Although most machine foundations are partially or fully embedded, there exists little information about the effect of embedment on foundation responses. Nevertheless, it is known that embedment increases the stiffness of a foundation system and reduces the displacement amplitude at resonance. However, the question still remains whether there are additional benefits in fully embedding foundations.
Some researchers report that embedment increases resonant frequency (Novak & Beredugo 1972; Gupta 1972; Novak 1974) , while others believe that embedment causes an insignificant change in the resonant frequency of the foundation system (Chae 1971; Lin & Jennings 1984; Inukai & Imazawa 1992) . Furthermore, researchers sometimes use resonant frequency and natural frequency interchangeably. The resonant frequency is defined as the forcing frequency at which the peak amplitude occurs. This depends on the propagated waves radiating from the footing, driving forces and boundaries of the system. A resonant frequency exists only if the damping ratio is less than 0.707 (Chopra 2007; Doebelin 1998) . The natural frequency is the frequency at which the system will oscillate without being altered by outside forces, and is therefore a property of the system only. Very little work has been done to investigate the effect of embedment on the natural frequency of a foundation system. In addition, contradictory conclusions have been made among researchers with regard to the effect of embedment on the resonant frequency. The design of machine foundations requires the proper prediction of displacement, particularly at the resonant frequency, the dynamic stiffness and the natural frequency. This field study aims at investigating the effects of embedment on these parameters.
EMBEDDED FOUNDATIONS
The effects of embedment on the dynamic responses of foundations have been studied by various researchers. These studies have suggested that embedment increases the stiffness of the foundation system and reduces the displacement amplitude at resonance (Lysmer & Kuhlemeyer 1969; Novak 1970; Chae 1971; Novak & Beredugo 1972; Gupta 1972; Novak 1974; Novak et al 1978; Gazetas 1983; Lin & Jennings 1984; Gazetas & Stokoe 1991; Inukai & Imazawa 1992) . The resonant amplitude is the peak amplitude in the frequency response function. It has been suggested by some researchers that embedment increases the resonant frequency of the foundation (Novak & Beredugo 1972; Gupta 1972) . In contrast, other researchers have reported that embedment causes little or no increase of resonant frequency (Chae 1971; Inukai & Imazawa 1992) . Chae (1971) argued that embedment will not cause the resonant frequency to change, because the system mass increases as a result of the surcharge and this will balance the increase in stiffness due to the embedment. Novak (1970) noted that the response of an embedded foundation could be substantially affected by the nature of the contact between the footing and the surrounding soil.
These seemingly contradictory conclusions with regard to the effect of embedment on resonant frequency may be due to how
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the interface between the footing and the adjacent soil is treated. Clearly there is little consensus regarding the effect of embedment on the resonant frequency, and in addition little work has been done to study the effect of embedment on the natural frequency. Therefore, in this study, experiments were conducted to determine the effect of embedment on the behaviour of a footing subjected to vertical vibration.
There are several methods that can be used to describe the effect of foundation embedment. Chae (1971) introduced a dimensionless quantity known as the amplitude reduction coefficient to express the response of an embedded footing under dynamic loading, while Novak and Beredugo (1972) used the resonant amplitude ratio. The resonant amplitude ratio, or amplitude reduction coefficient, is the ratio of the peak amplitude for an embedded footing to the peak amplitude for zero embedment, as shown in Equation 1.
where U max is the maximum displacement amplitude for a given embedment, and U 0 max is the maximum displacement amplitude for zero embedment. The geometry of an embedded footing is described by the embedment factor (Chae 1971) , while Novak and Beredugo (1972) describe the same quantity as the embedment ratio (δ) given by Equation 2:
where D f is the embedment depth (as shown in Figure 1 ) and r o is the radius or equivalent radius of the footing. For a square footing, r o is half the width of the footing, while for a circular footing, r o is the radius of the footing. The effect of embedment on the resonant frequency is expressed in terms of the resonant frequency ratio as:
where f o is the resonant frequency of the foundation system with zero embedment and f d is the resonant frequency of the foundation system with an embedment D f . In the same manner, a new dimensionless quantity known as the natural frequency ratio N f is introduced to express the effect of embedment on the natural frequency of foundation systems. The natural frequency ratio N f is the ratio of the natural frequency for an embedded footing to the natural frequency for zero embedment (Equation 4):
where f D is the natural frequency of the foundation system with embedment, and f D o is the natural frequency of the foundation system with zero embedment.
EXPERIMENTAL WORK
Measurements were made to characterise the behaviour of an embedded footing at the experimental farm of the University of Pretoria. Full details of the experimental work are given in Mbawala (2015) . The underlying material was residual andesite, and the general soil profile may be described as silty clay mixed with gravels. The small strain shear stiffness of the soil (G) was measured using the continuous surface wave test (Heymann 2007 ) and on average was found to be 100 MPa to a depth of 8 m.
A concrete footing with plan dimensions 1 200 mm × 1 200 mm and 1 240 mm depth was cast in place as shown in Figure 2 (a). The excavation was backfilled and compacted in layers of approximately 150 mm. The fully embedded foundation was left for 12 months to ensure good contact between the surface of the footing and the soil, as shown in Figure 2 (b). After 12 months a series of vibration tests were conducted at different levels of embedment. At each excavation stage, the mass density of the layers was measured using the nuclear density method. A servo-hydraulic shaker was used to excite the footing by applying a harmonic vertical force at frequencies ranging from 10 Hz to 100 Hz. The foundation system was excited for a few seconds at each forcing frequency to ensure that steady state conditions were reached before recording the output. The vertical dynamic response of the foundation system was measured with two 1 g accelerometers placed on top of the footing, 200 mm from the edge of the shaker, as shown in Figure 2 (c). The force applied by the shaker at each forcing frequency was measured using a load cell mounted inside the shaker, as shown in Figure 3 . The force amplitude was constant at each frequency but, as shown in Figure 3 , it varied at different frequencies. This was due to limitations in the behaviour of the servo-hydraulic system. The evaluation of impedance functions assumes that the footing is rigid and remains in contact with the soil at all times. Therefore, the displacement of the footing is assumed to be equal to the displacement of the soil surface beneath the footing. Under this condition, the footing may be simplified as a system with a single degree of freedom that has a spring, mass and damper. Because the vertical excitation of the foundation system is harmonic, the vertical dynamic displacement response is also harmonic. Therefore, the displacement amplitudes may be calculated from the acceleration data as follows:
where Ü is the acceleration amplitude and ω is the angular velocity.
The vertical impedance functions of the foundation system for different embedment depths were obtained by calculating the fast Fourier transform (FFT) for the input and output data. For each excitation frequency, the dynamic impedance functions were calculated using Equation 6, which is the ratio of the applied vertical complex harmonic forces P(t) to the resulting steady state complex displacement response U(t). K v is the dynamic stiffness of the soil and foundation system, which is frequency-dependent. The frequency dependence is due to the stiffness and inertia of the supporting soil which attributes only to the influence that the frequency exerts on inertia because the soil is frequency-independent.
RESULTS AND DISCUSSIONS
The parameters that are important when designing a machine foundation are the displacement amplitude, stiffness, resonant frequency and natural frequency of the machine foundation system. In this section, the results obtained from the field measurements are presented. The dimensionless values of the resonant amplitude ratio, resonant frequency ratio and natural frequency ratio are also presented. Figure 5 shows the plot of displacement at the peak versus embedment depth. It clearly shows that, as embedment increases, the displacement at the peak amplitude decreases.
Displacement amplitude

Resonant amplitude
The measured displacement was normalised by the applied force to obtain the frequency response function (FRF) as shown in Figure 6 . The normalised vertical amplitudes decrease as the embedment increases. The resonant frequency may be observed at about 38 Hz, the frequency at which the peak-normalised amplitude occurred. The experimental data results show a second minor peak at about 60 Hz, which is more pronounced at smaller embedment depths than at greater embedment depths. This coincides with the frequency where the applied harmonic force is a maximum (Figure 3 ). At frequencies above approximately 80 Hz, the observed amplitudes show little dependence on embedment depth. Figure 7 shows the peak normalised amplitude for different embedment depths.
The resonant amplitude ratio obtained experimentally is shown in Figure 8 . From the figure it is clear that the resonant amplitude ratio decreases as embedment increases. It also shows that the rate of reduction of the resonant amplitude ratio is high at low values of the embedment ratio. This suggests that even small levels of embedment can significantly reduce the maximum vibration amplitude. For instance, in the footing investigated, an embedment of one quarter of the total depth reduced the displacement amplitude by more than 
Complex dynamic stiffness
The complex dynamic stiffness obtained from the experimental data, for different levels of embedment, is shown in Figure 9 . The complex dynamic stiffness increases as the embedment increases, but the effect of embedment is small at low frequencies. The complex dynamic stiffness is nearly constant up to about 20 Hz. For low levels of embedment it reaches a minimum at approximately 38 Hz and increases at frequencies above 38 Hz. The resonant frequency may be estimated from the plot of complex dynamic stiffness as the frequency where the complex dynamic stiffness is a minimum. Figure 10 shows a plot of the real part of the complex dynamic stiffness versus forcing frequency. The results show that the real part of complex dynamic stiffness increases as the embedment increases. The natural frequency of the foundation system occurs at the frequency where the real part of the complex dynamic stiffness crosses zero. It may be seen from Figure 10 that the natural frequency of the foundation system increased as the embedment increased.
The imaginary part of the complex dynamic stiffness indicates the level of damping of the foundation system. For foundation systems where the magnitude of the vibration amplitude is low, damping is mainly as a result of radiation damping. The plot of the imaginary part of the complex dynamic stiffness is shown in Figure 11 . The results show that the imaginary part of the complex dynamic stiffness increases as the embedment increases, showing that embedment increases damping. 
Resonant frequency
For undamped systems, the resonant frequency is equal to the natural frequency of the foundation systems, but for a damped system, the resonant frequency is less than the natural frequency. The field-measured resonant frequency showed very slight change as the embedment increased. Figure 12 shows the plot of the resonant frequencies against embedment depth. The resonant frequency measured in the experiment varied by about 3 Hz, regardless of the embedment depth.
The effect of embedment on the resonant frequency of the foundation system can also be quantified using the dimensionless parameter resonant frequency ratio (Equation 3). A plot of the resonant frequency ratio versus the embedment ratio obtained from the field measurements is shown in Figure 13 . The results showed that the resonant frequency ratio was within 6% of the resonant frequency ratio at zero embedment, regardless of the level of embedment.
Natural frequency
The natural frequency of a machine foundation system can be obtained from the plot of phase angle versus forcing frequency. The phase angle is defined as the phase difference between the force vector and the displacement vector. The natural frequency is obtained by finding the frequency at which the displacement response of the foundation changes from being in phase to becoming out of phase with the forcing function. For an undamped system this is an abrupt occurrence, as the forcing frequency passes through the natural frequency. For damped systems, such as machine foundations, this is a more gradual process, and the natural frequency is taken to be the frequency at which the phase difference between the force and amplitude vectors is 90 degrees. The experimental data shown in Figure 14 shows that, in general, the natural frequency of the foundation system increases as the embedment increases. The natural frequency increased from 41 Hz at zero embedment to 55 Hz at full embedment.
The natural frequency of the foundation system can also be obtained from a plot of loss angle versus frequency of excitation (Tileylioglu 2008) . The loss angle is determined from the ratio of the imaginary part to the real part of the complex dynamic stiffness, and the natural frequency occurs at the peak loss angle. The peak occurs because the denominator (real part) is close to zero near the natural frequency, as shown in Equation 7.
where ω is the angular velocity of the excitation, K o is equivalent to static stiffness (K o = K static ) and M is the mass of the vibrating mechanism. The loss angles versus forcing frequency for the experimental data are shown in Figure 15 on page 31. The plot again shows that the natural frequency increases as the embedment increases. Figure 16 on page 31 shows the natural frequency of the foundation system versus embedment depth. The figure shows that, in general, there is a trend of increasing the natural frequency of the foundation system as the embedment increases. The same result is shown in non-dimensional form in Figure 17 as natural frequency ratio and embedment ratio. The figure shows that the natural frequency of the foundation at full embedment was 35% higher than the natural frequency at zero embedment.
Damping ratio
The damping ratio of the foundation system may be determined from the resonant frequency and natural frequency using Equation 8:
Where ω r is the resonant frequency, ω o is the undamped natural frequency of the foundation system, and D is the damping ratio of the system.
The measured damping ratios for foundation systems with different levels of embedment are shown in Figure 18 . It shows that, as the embedment increases, there is a significant increase in damping ratio. The rate of increase of damping ratio is more pronounced at low values of embedment ratio, becoming less pronounced near full embedment. Nonetheless, Figure 18 shows that there is a significant advantage to embed machine foundations, as higher levels of damping produce lower vibration amplitudes.
CONCLUSIONS
During this study, the effect of embedment on the dynamic response of a foundation subjected to vertical vibration loading was investigated. A 1 200 mm × 1 200 mm square concrete footing with a depth of 1 240 mm was cast in the field, and the dynamic responses were measured when the footing was embedded at 0 mm, 310 mm, 620 mm, 930 mm and 1 240 mm.
Different response parameters of the foundation were observed. These included the resonant and natural frequency, and the amplitude at the resonant frequency. The non-dimensional parameters of resonant amplitude ratio, resonant frequency ratio, natural frequency ratio and damping ratio were also determined. From this field study, the following was concluded: ■ The resonant amplitude decreases as embedment increases. The rate of reduction of the resonant amplitude was high at low values of the embedment ratio. This suggests that even small levels of embedment can significantly reduce the maximum vibration amplitude. The results also indicate that the benefit of embedment diminishes at high embedment depths. ■ The complex dynamic stiffness, including both the real and imaginary parts, increases as the embedment increases. ■ The resonant frequency changes only slightly as the embedment increases, with the resonant frequency ranging within 6% at all levels of embedment. ■ The natural frequency increases as the embedment increases. The natural frequency at full embedment was 35% higher than at zero embedment. ■ The damping ratio increases as the embedment increases. It was shown that the rate of increases of damping ratio is more pronounced at low levels of embedment, again confirming that even small levels of embedment can significantly improve the performance of a machine foundation system. by Anglo Technical Division, a division of Anglo American plc, as well as THRIP (Grant number 71875).
